We show that the cusp-like structure in the nuclear symmetry energy, a consequence of topology change, visible in the skyrmion lattice description of dense matter is extremely robust. It is present in the Skyrme model -with the pion field only -and is left unscathed by massive degrees of freedom such as the vector mesons ρ and ω and also the scalar meson introduced as a dilaton. It leads to the emergence of parity-doubling at the skyrmion-half-skyrmion transition and impacts on the nuclear symmetry energy "wilderness" landscape, weeding out roughly half of the wilderness. It is shown that a pseudo-conformal sound velocity arises at a precocious density at which the cusp is formed. It is suggested that the topology change, being robust, could impact on the tidal deformability observed in gravity waves 
I. INTRODUCTION
The nuclear symmetry energy E sym (n, α) at baryonic density n that appears quadratically in α = (N − P )/(N + P ) in the energy per nucleon E(n, α) where P (N ) is the number of protons (neutrons) in many nucleon systems given by E(n, α) = E(n, α = 0) + E sym (n)α
plays the most important role in the equation of state (EoS)) for compact-stars [1, 2] . In standard nuclear physics approaches (SNPAs) anchored on the effective density functional (EDF) such as the Skyrme potential, relativistic mean field (RMF) and varieties thereof ( [3] for a recent review) and on standard chiral perturbation (SχPT) expansion up to manageable chiral order (e.g., [4] ), equipped with a certain number of parameters fit to available empirical data, the E(n, α) can be more or less reliably determined in the vicinity of the nuclear matter equilibrium density n 0 ∼ 0.16 fm −3 . It has also been extended, with a rather broad range of uncertainty, up to slightly above n 0 from heavy-ion collision experiments. Thus the nuclear symmetry energy (NSE) is fairly well determined up to n 0 in SNPAs although its slope in density remains still somewhat uncertain.
Going beyond n 0 , particularly above 2n 0 which is crucial for massive compact stars, however, is totally unknown as one can see in Fig. 1 (from [5] ) which summarizes the total wilderness in the NSE landscape beyond n 0 predicted by hundreds of models in SNPA. More recent analyses [6] that take into account up-to-date information including the LIGO-Virgo gravitational waves from coalescing neutron stars [7] do clear up the situation somewhat, but the wilderness largely remains. What this FIG. 1. A sample of predicted S = Esym by models -"symmetry energy landscape" -that are fit to the matter properties up to n0 and extrapolated to higher densities, showing the wilderness at high densities. Copied from Ref. [5] .
implies is that the structure of the EoS established at n 0 cannot be extrapolated reliably beyond ∼ n 0 .
There can be two possible causes for the breakdown of straightforward extrapolation. (A) One plausible cause for this state of matter is that beyond ∼ n 0 other degrees of freedom than the hadrons that figure in the SNPAs could be playing an influential role. (B) Another possibility is that even if hadrons are the relevant degrees of freedom in the range of density involved, the approximation used may be breaking down at some high density. For instance, the standard chiral perturbative approach with the nucleons and pions as the relevant degrees of freedom can be reliable only if the energy/momentum scale involved is in a sense "soft," which in baryonic matter involves a "soft" Fermi momentum k F that cannot be much bigger than chiral symmetry scale f π . One example is the currently popular three-body force for nuclear matter and nuclear structure in SχPT approaches, of which the short-range component involves the mass scale of an ω meson which is of higher scale than the typical cutoff figuring in standard effective chiral theories. Therefore the chiral expansion cannot be trusted at densities higher than, say, 2n 0 . On the other hand, the Fermiliquid structure of nuclear matter at n 0 which may be taken as a justification for RMF approaches [8] is an expansion in 1/N around the Fermi-liquid fixed point [9] 
where Λ is the cutoff on top of the Fermi surface. The fixed point involved here is the fixed point in the Fermi sphere appropriate for the equilibrium state of nuclear matter at n 0 . Now going to higher densities beyond n 0 , the Fermi sphere could be modified by a change of the relevant degrees of freedom or a change in the structure of the relevant degrees of freedom. The consequence is that either the Fermi-liquid fixed point present at n 0 could then become unstable or the system could develop a different Fermi-liquid structure with a different fixed point at high density. Either of the two cases could invalidate the standard density expansion of the SNPAs. Unfortunately the only known trustful QCD approaches currently available, i.e., perturbative QCD and lattice simulations, cannot access the density regime involved in compact stars and cannot guide the density expansion, thus accounting for the wilderness Fig. 1 . One way out of this conundrum was proposed in [10] exploiting a topology change involving skyrmion structure of dense baryonic matter, dual to (or mimicking) the baryon-quark continuity expected in QCD. It is the purpose of this paper to show that the notion of topology change at high density is robust and leads to an important change in the structure of high density matter. It indeed gives in particular a unique parameter-free nuclear symmetry energy for n > n 1/2 . If proven correct, this observation would neatly clear up the wilderness in the NSE landscape.
II. CUSP-LIKE STRUCTURE OF NUCLEAR SYMMETRY ENERGY
The principal idea we wish to develop is based on the notion that the skyrmion description of baryonic matter could give a hint in what way soliton description can capture QCD in the large N c limit at high density [11] . At that limit, the baryonic matter can be taken as a skyrmion crystal matter. Now it is found that at a high density, denoted as n 1/2 hereon, a skyrmion with the topological number B = 1 put on FCC crystal fractionalizes into a pair of half-skyrmions on CC with B = 1/2. This follows from symmetry considerations [12, 13] . In the absence of fully quantized skyrmion matter, which remains currently an unsolved problem, one cannot say at what density this fractionalization takes place 1 . It appears that this half-skyrmion structure is already present in the alpha particle 4 He [15] . But the eight halfskyrmion configuration is less favored energetically than four-skyrmion configuration in 4 He unlike the matter at high density. The half-skyrmions are not propagating objects because they are confined by monopole [16, 17] . What makes the difference between skyrmion matter and half-skyrmion matter on the crystal lattice, which is the most crucial ingredient in what follows, is that the bilinear quark condensate Σ ≡where q is the light-quark field, when averaged over space, is non-zero in the former (Σ = 0) with f π = 0, but while locally nonzero, goes to zero when averaged in the latter (Σ = 0), with however non-vanishing f π . This means that Σ is not a bona-fide order parameter for chiral symmetry on the lattice.
What was shown in [10] is the consequence of the topology change at n 1/2 on the nuclear symmetry energy in the Skyrme model [18] -with the pion field only -with the quadratic current algebra term plus the Skyrme quartic term 2 . The symmetry energy in the skyrmion description is given by the neutron matter collectively quantized. It is given in the large N c limit by the isospin moment of inertia λ I as
A surprising result found in [10] with the skyrmions put on crystal lattice was that E sym has a "cusp" structure 3 with the symmetry energy decreasing as density approaches n 1/2 from below and then increases as density increases away from n 1/2 . Now the major difference, as pointed out above, between the skyrmion matter and the half-skyrmion matter is the global structure of the condensate Σ. Thus this cusp structure must reflect the change fromΣ = 0 toΣ = 0 at n 1/2 .
III. THE CUSP AND EFT LAGRANGIAN
We should stress here that this cusp structure is not an artifact of the crystal approximation. It turns out to play a crucial role in giving an effective field theory (EFT) Lagrangian that provides a realistic equation of state (EoS) for compact-star matter
We first see how the cusp structure dictates the change of parameters in the effective EFT Lagrangian at a density corresponding to n 1/2 . To develop the argument, we start by assuming that the result of skyrmion lattice at density near n 1/2 is robust. We will then show in what follows that this assumption can be validated.
Consider an effective (continuum) Lagrangian in which light-quark baryons and pions are coupled in hidden local symmetric way to the vector-meson fields ρ and ω. It has the usual chiral symmetry, with the HLS Lagrangian being gauge-equivalent to the non-linear sigma model. It is known that the nuclear tensor force plays a dominant role in the nuclear symmetry energy, so we look at the tensor forces given by the exchange of a π and a ρ. Phrased in terms of nuclear forces, which is a well-established procedure to do effective field theory in nuclear matter, a good approximation to the symmetry energy can be obtained by the closure-sum approximation [20] ,
T is the radial part of the sum of the pionic tensor force and ρ tensor force andĒ ≈ 200 MeV is the average energy of the state to which the tensor force predominantly connects from the ground state. There are also contributions from other components of nuclear forces but we ignore them at the level we are considering, which is effectively semiclassical. A characteristic feature of the π and ρ tensor forces is that they enter with an opposite sign. So the pion tensor, dominant in the range relevant in the nuclear matrix element, say, r ∼ > 0.7 fm, with the contributions for r < 0.7 fm screened by short-range correlations, gets canceled progressively by the ρ tensor at increasing density. In medium, the effective ρ mass drops with density while the pion mass remains more or less unaffected. Therefore as the density increases and the quark (or dilaton) condensate decreases, the ρ tensor force strength increases, thereby diminishing the net tensor force, making it eventually go to zero at n ∼ 3n 0 -for certain set parameters determined at n 0 -if naively extrapolated to higher densities. This would make the symmetry energy effectively go to zero at ∼ 3n 0 . This would then give an E sym belonging to the class of the curves in Fig. 1 that turn over and drop to zero near 3n 0 . This feature is clearly at variance with the cusp-like structure given by the topology change.
What happens is that at a density commensurate with the topology change density, n 1/2 , the ρ tensor undergoes a drastic change. This is because at ∼ n 1/2 the hidden gauge coupling g, constant up to n 1/2 , starts dropping rapidly at increasing density so that it goes, driven by renormalization group flow, to zero arriving at what is called "vector manifestation (VM)" fixed point which is thought to be coincident with chiral restoration [21] . Since the ρ mass is given by the KSRF formula to all orders of loop corrections [21] , the ρ mass, going as m
2 , tends to zero independently of what f π is at the VM fixed point. This rapid drop in the gauge coupling makes the ρ tensor strongly suppressed at n 1/2 making the π tensor take over completely. This exactly reproduces the cusp predicted by the skyrmion crystal model.
The closure-sum result with the tensor force onlyand no kinetic energy term -is of course an approximation. The EFT Lagrangian implemented with the parameter changes at n 1/2 mentioned above and other channels than the tensor force taken into account, treated in RGflow approach [19] , smoothens the cusp, but it retains the behavior for density above n 1/2 given by the crystal calculation.
IV. VECTOR MESONS AS HIDDEN LOCAL SYMMETRIC FIELDS A. HLS Lagrangian
So far we have treated the role of the pion field in the crystal structure. The generic structure of the cusp is dictated by the pion field that carries the topology but there is a strong indication that massive vector fields play a very important role in the structure of baryonic matter. This aspect is amply illustrated in the hadron/nuclear section in the recent volume of collected papers on skyrmions in condensed matter, hadron/nuclear physics and string theory [11] . In the field of hadron/nuclear physics, the subject ranges from finite nuclei to infinite nuclear matter, including compact-star matter. Surprisingly remarkable is the role the vector mesons, in particular the ρ meson, play in the skyrmion description, not only for binding energies but also for cluster structure of finite nuclei [22] . It is thus an extremely interesting and relevant question to ask what the vector mesons do to the cusp-like structure of the symmetry energy. Here we consider how the presence of the ρ and ω mesons influences the symmetry energy when treated on crystal lattice.
How the vector mesons are incorporated in chiral symmetric Lagrangian has been extensively discussed in the literature. In the context of this work, we adhere to the approach adopted most recently in [14] , namely in implementing hidden local symmetry (HLS) [21] 4 which is particularly powerful in dealing with dense matter. As mentioned, the scalar dilaton field that figures importantly in [14, 19] does not play significant role for the symmetry energy, so we leave it out. We work with the hidden local symmetric Lagrangian for N f = 2 that we write down to O(p 4 ) in the power counting that is generalized to include vector mesons. There are 14 O(p 4 ) terms. In general the 14 parameters are unknown but in the limit that the gravity/string duality holds, they can be fixed in terms of the two parameters, f π , the pion decay constant and m ρ , the ρ meson mass that figure in the holographic dual Lagrangian. It will also turn out that the fourteen terms can be reduced to a good approximation to only four terms.
The HLS Lagrangian to O(p 4 ) is written in three terms
where the subscript (m) represents the chiral order O(p m ), m = 2, 4 and L anom is the anomaly term, which in the case of 2 flavors, is the homogeneous Wess-Zumino (hWZ) term. In writing down the lengthy formulas, it makes it economical to use two Maurer-Cartan 1-formŝ
Here ξ L,R are the chiral fields that figure in the pion field
We will take the vector mesons with U (2) symmetry, although at high density the symmetry is found to be broken [19] . The symmetry breaking does not affect the discussion that follows.
In terms of the 1-forms, the leading order O(p 2 ) Lagrangian is
where f π is the pion decay constant, a is the parameter of the HLS, g is the hidden gauge coupling constant, and
is the field-strength tensor of field V µ . The chiral symmetry breaking quark mass term appears also at the same order that we have not written down.
Since we need the explicit form of the O(p 4 ) terms for the analyses given below, we write L (4) in two terms 
Finally the anomalous term, which is also of O(p 4 ), consists of three terms,
where
in the 1-form notation witĥ
B. Approximating HLS
It is at present not feasible to do a fully systematic calculation to O(p 4 ) in the way chiral effective field theories are performed in nuclear dynamics. There are too many parameters to fix by theory and phenomenology. There is however one way to do the full O(p 4 ) calculation if the parameters are extracted from a holographic QCD model, in particular, the Sakai-Sugimoto model [24] . The SakaiSugimoto model given in 5D has only two parameters related to the known quantities, the pion decay constant and the ρ mass. Reducedà la Klein-Kaluza from 5D to 4D in infinite towers of vector mesons, integrating out all higher members of the towers than the lowest vector mesons ρ and ω can fix all the parameters of the Lagrangian (4) [25] . They are listed in Table I [26] . Of course, although chirally symmetric, the Sakai-Sugimoto model is at best a rough approximation to QCD in lightquark systems 5 , so it should be taken with a grain of salt. This Lagrangian with all the parameters so determined will be referred to as "HLS (π, ρ, ω)".
We consider four possible approximations to the full HLS Lagrangian including one that seems to mysteriously work well.
1. The first is the Skyrme Lagrangian which corresponds to L (2) with the vector mesons integrated out. We refer to this as "HLS (π)." [26] . 2. The second is L (2) with all O(p 4 ) terms ignored. In the absence of the hWZ term, the ω decouples from π and ρ. This is referred to as "HLS (π, ρ)." from L (4)z are dropped. We shall call this "HLS (π, ρ, ω) simp ." In the absence of the hWZ term, the ω field decouples. The resdulting O(p 2 ) Lagrangian turns out to work surprisingly well for iso-vector processes involving the pion and the ρ meson, both in and out of nuclear matter. How this comes about remains a mystery [27] .
V. SYMMETRY ENERGY IN SKYRMION CRYSTAL
We now turn to simulating the symmetry energy in the skyrmion crystal model.
As first proposed in [10] , we obtain the symmetry energy by collective-quantizing the pure neutron matter in skyrmion crystal [28] . Here we quantize the crystal as a whole object through a collective rotation in iso-space with the rotation angle C(t) acting on the relevant chiral fields as
where the subindex "c" means the static configuration with the lowest energy for a given crystal size L and C(t) is a time-dependent unitary SU (2) matrix in isospace. We define the angular velocity through
The energy of the n-nucleon system can be written as
By regarding the angular momentum in isospace, J = δM tot /δΩ, as the isospin operator, one can write the total energy of the system as
where M sol , λ I and I tot are, respectively, the mass and moment of inertia of the single skyrmion in the system, and the total isospin of the n-nucleon. Given that the n-nucleon system is taken a nearly pure neutron system, I tot ≤ n/2, to the leading order of n for n → ∞, the energy per baryon takes the form
Thus the symmetry energy is
Putting HLS on crystal lattice is discussed extensively in [29, 30] for static properties of the skyrmion matter. We simply take the formulas from these references. The collective rotation (12) generates certain components of the vector-meson fields which are absent in the static case: The time component of ρ meson field and the spatial component of ω meson field are excited [31] . For example, in the quantization of the single skyrmion,
These components make the calculation more involved than what was done in [10] in which only the pion and dilaton fields figured.
To parameterize the time component of ρ meson field, we introduce the following Fourier-serious expanded quantitȳ
with which the time component of ρ meson field is given by
. (21) The parameterization of the spatial component of omega meson field ω i is more involved. Naively, one may write it as ω = Ω ×ω (22) withω being an iso-scalar three-dimensional vector and then Fourier-expandω in the same form asφ π i give in [29] . If, for simplicity, one assumes rotational symmetry for the three-vector and takes Ω = (1, 0, 0), then we can parameterize ω i as
However if we substitute the above expansion into the Lagrangian to calculate the moment of inertia, we find the trivial solution γ ω2 lmn = γ ω3 lmn = 0. In order to have a nontrivial contribution to the moment of inertia as in the static case, we adopt to use, as the equation of motion of
where W α and Z βα are functions of the pion and ρ meson fields which can be derived from (4) . It follows that the Fourier coefficients γ ωi lmn can be expressed in terms of those of W i and Z ij , the pion and ρ meson fields. This gives a nontrivial contribution from ω i .
To arrive at the moment of inertia, we first determine the Fourier coefficients of the static pion, ρ and ω fields by minimizing the static energy of the skyrmion crystal at a certain size and then we substitute such static π, ρ and ω field configurations and obtain the moment of inertia by adjusting the Fourier coefficients of the excited fields such that the minimal value of the moment of inertia at that crystal size is obtained. The numerical simulation exploited to obtain the results given below is straightforward, though involved with many terms. A brief description of the procedure is relegated to Appendix.
VI. RESULTS
We first compare the results from HLS(π), HLS(π, ρ) and HLS(π, ρ, ω) to see the effect of the ρ and ω mesons on the density dependence of the symmetry energy. We recall that HLS(π) is actually the Skyrme model treated in [10] with the dilaton incorporated. We see from From Fig. 2 that all three Lagrangians produce a cusp. The position of the cusp is determined by the skyrmion-halfskyrmion changeover density n 1/2 . This has to do with the global quark condensateΣ vanishing at that density with the emergence of parity doubling.
Note that while the location of the cusp density depends on the degrees of freedom, the existence of the cusp is generic, dependent only on the pion field. It is the topology that is in action.
To see that the position of the cusp is locked to the topology change density n 1/2 , we look at the expression of the moment of inertia from the model HLS(π). That is
where · · · stands for the contribution from the Skyrme term and · · · indicates the space average of the quantity inside. Since with the decreasing of the crystal size, or increasing of the density, φ 2 0 =Σ 2 decreases to zero and 1/λ I decreases going toward n 1/2 . What happens when density exceeds n 1/2 is highly involved with the intervention of massive excitations such as the quartic term in the Skyrme model and the vector mesons in the HLS models, which account for the increase in the symmetry energy for n > n 1/2 .
A remarkable observation to make here is the key role played by the vector mesons ρ and ω at densities higher than their respective n 1/2 . In terms of the structure of the tensor force in the closure approximation [10] discussed above, how the vector manifestation figures for n > n 1/2 in controlling the ρ tensor force depends on an intricate interplay between the ρ-nucleon coupling and ω-nucleon coupling (as discussed in [19] ). The behavior of the symmetry energy above the topology change density clearly reflects this feature.
It is interesting also that Fig. 2 shows the magnitude of the symmetry energy in HLS(π, ρ) greater than that in HLS(π). This is because, as in the matter-free space [26] , for a given density, the moment of inertia in HLS(π, ρ) is smaller than that in HLS(π).
We compare the symmetry energy calculated with three versions of HLS model including π, ρ and ω in Fig. 3 . From this figure we see that in both the skyrmion phase and half-skyrmion phase, the results from HLS min (π, ρ, ω) are significantly different from those of HLS(π, ρ, ω), both in magnitude and in the location of n 1/2 . As noted above, this is not surprising because HLS min (π, ρ, ω), with the ρ mass taken to be infinite, does not follow the VM property as density increases. Thus it cannot be trusted at high density. Truncating the hWZ is a non-trivial matter, pointing at the crucial role of the ω in nuclear dynamics.
In contrast HLS simp (π, ρ, ω) comes fairly close to HLS(π, ρ, ω). Above n 1/2 , it is degenerate with the result of HLS(π, ρ, ω). We noted above that the leading O(p 2 ) HLS works remarkably well in the iso-vector sector. This observation tells us that as in the static skyrmion matter [32] , the z 4 term of HLS Lagrangian (4) accounting for the ρ-π-π interaction gives the dominant contribution from the normal parity O(p 4 ) terms. It indicates that to study nucleon as well as nuclear matter properties including both the ρ meson and also ω meson effects, this simplified model will suffice, simplifying the calculation most dramatically. Although it is not our main concern in this paper, it is instructive to look at the ground-state energy per baryon obtained in the skyrmion crystal model. In QCD, calculating the ground-state energy from first-principle approaches has defied theorists since the beginning. On the basis of large N c considerations, one expects the scale of binding energy of many-nucleon systems to be order of ∼ Λ QCD , not a few MeV as observed in nature. At present we do not know how to explain satisfactorily the small binding energies of finite nuclei as well as the binding energy of nuclear matter ∼ 16 MeV from QCD. It is interesting that although it is not possible to compute the ground state of nuclear matter from first principles, it is however found [22] that putting the ρ meson in the skyrmion description improves greatly in reducing binding energy of, as well as accounting for clustering phenomena observed in, light nuclei. There is no way that the skyrmion crystal structure can give anything near reasonable for the ground state property 7 . As one can see in Fig. 4 , all models give overbinding and too high saturation density. They are comparable to what is predicted by different approaches to skyrmion description. It is however interesting to see the effect of ρ meson going in the right direction similarly to what's found in [22] and that the ω meson, not included in [22] , tends to lower the binding energy even further. This suggests that both vector mesons must be essential to understand the properties of nuclear matter in effective field theories.
In nuclear-structure physics, while the ground-state energy is extremely difficult to calculate, the energy of the excited states relative to the ground state is much easier to compute, in some cases rather accurately. Since 7 In all works on skyrmion approaches to baryons and nuclear matter, it is overlooked that the O(N 0 c ) terms, so-called Casimir terms, can be very important but are ignored because they are daunting to calculate. For instance, the Casimir contribution to the baryon mass could be of ∼ 50% of the leading O(Nc) term, much larger than the O(1/Nc) term calculated by the collective-quantization, but comes with an opposite sign. In nuclear physics, it is the interplay between the scalar attraction due to a scalar meson σ and the vector repulsion due to the vector meson ω that determines the ground state property of nuclear matter. The Casimir attraction could perhaps be simulated with an explicit scalar meson field in skyrmion approaches, but this has not been successfully worked out yet. the symmetry energy is the energy difference between two states, (E(n, α = 1) − E(n, α = 0))| n=∞ , one may hope to do better with it in the present model. Indeed this is what one finds in Fig. 2 . While one cannot trust the skymion lattice picture at low densities, say, far below n 1/2 , it is amusing that the magnitude of the symmetry energy does come out to be ∼ (25 − 33) MeV which is in the ball-park of experimental bounds.
VII. CONCLUSION AND PERSPECTIVE
In this paper, we approach the dense compact matter properties by collective-quantizing the skyrmion matter put on crystal lattice, described with the vector ρ and ω mesons incorporated into the chiral Lagrangian via hidden local symmetry. We show that the cusp-like structure of the nuclear symmetry energy found in the Skyrme model -with pion field supplemented with a scalar pseudo-dilaton χ -remains more or less intact by the massive vector excitation. We are consequently led to the firm conclusion that the cusp structure is topological, mainly driven by the pion that carries topology. Being topological we believe it is highly robust.
It should of course be recognized that the cusp is only a leading-order effect. It is valid in the large N c limit from the QCD side and in the largeN limit from nuclear correlations side. Higher-order effects together with explicit chiral symmetry breaking ignored in the numerical calculations should naturally smoothen the cusp as mentioned above. What remains as an imprint of that cusp in the EoS, which is visible as confirmed in a full V lowk RG flow, is the changeover from "softness" to "hardness" in the EoS for compact stars accounting for the star mass ∼ > 2.0M ⊙ [19] and also for the possible onset of a precocious pseudo-conformal sound velocity v 2 s /c 2 = 1/3 setting in for n ∼ > n 1/2 in conjunction with the tidal deformability [33] . These phenomena could perhaps be formulated as the emergence of the hidden symmetries in QCD, namely scale symmetry and flavor local symmetry. The changeover from skyrmions to half-skyrmions at n 1/2 could also be interpreted as a duality to the possible, smooth, baryons-to-quarks transition. As they stand, they are conjectures to be vindicated by observations. Formulating the possible duality in terms of the Cheshire-Cat principle [34] developed in 1980s would be a theoretical endeavor leading to a potential breakthrough.
If confirmed, this development would clear up the symmetry-energy landscape by weeding out the bulk of models that predict the symmetry energy decreasing to zero in the vicinity of n ∼ 3n 0 in Fig. 1 .
An important caveat in the treatment is that the crystal treatment is undoubtedly invalid at low density, most likely already at n 0 and maybe even slightly below n 1/2 if not at n ∼ > n 1/2 . Among other effects, the clustering of the type described in [22] could play an important role just below n 1/2 . Whether such an effect is adequately simulated in the crystal lattice with the inclusion of the vector mesons going beyond the collective quantization calls for a detailed further study.
Finally, the topology change phenomenon, even though buried in nuclear correlations, could affect the tidal deformability. Since the tidal deformability for star mass M = 1.4M ⊙ samples just below n 1/2 , this is where the robust cusp structure figures. A more careful treatment of the topology change structure is in order here. This is an interesting open problem.
integral can be approximated to 
Therefore, in the simulation, one can specify a direction of Ω, for example Ω 1 , to calculate the moment of inertia.
For a typical example, consider the second term in the
which includes all the degrees of freedom, π, ρ and ω. Then, the contribution to the moment of inertia can be written as 
0 is the SU (2) part ofâ 0 . After choosing the specific direction of the angular velocity as, for example x-direction, the basic quantities in (A10) an be written as
Substituting these expressions into (A10), taking the trace of Pauli matrices and minimizing the momenta of inertia of the full theory by adjusting the Fourier coefficients ofφ ρ0 and ω with ξ c determined from the simulation of the energy per baryon in the static crystal, one obtains the moment of inertia.
